The effect of size ratio on the sphere structure factor in colloidal sphere-plate mixtures by Cinacchi, Giorgio et al.
THE JOURNAL OF CHEMICAL PHYSICS 137, 204909 (2012)
The effect of size ratio on the sphere structure factor in colloidal
sphere-plate mixtures
G. Cinacchi,1,2,a) N. Doshi,1 S. W. Prescott,1 T. Cosgrove,1 I. Grillo,3 P. Lindner,3
J. S. Phipps,4 D. Gittins,5 and J. S. van Duijneveldt1,a)
1School of Chemistry, University of Bristol, Cantock’s Close, Bristol BS8 1TS, United Kingdom
2Departamento de Física Teórica de la Materia Condensada, Universidad Autónoma de Madrid,
Campus de Cantoblanco, 28049 Madrid, Spain
3Institut Laue-Langevin, BP156, 6 rue Jules Horowitz, 38042 Grenoble Cedex 9, France
4Imerys Minerals Ltd., Par Moor Centre, Par Moor Road, Par Cornwall PL24 2SQ, United Kingdom
5Imerys Performance & Filtration Minerals, 1732 N 1st Street, San Jose, California 95112, USA
(Received 13 August 2012; accepted 31 October 2012; published online 28 November 2012)
Binary mixtures of colloidal particles of sufficiently different sizes or shapes tend to demix at high
concentration. Already at low concentration, excluded volume interactions between the two species
give rise to structuring effects. Here, a new theoretical description is proposed of the structure of
colloidal sphere-plate mixtures, based on a density expansion of the work needed to insert a pair of
spheres and a single sphere in a sea of them, in the presence or not of plates. The theory is first val-
idated using computer simulations. The predictions are then compared to experimental observations
using silica spheres and gibbsite platelets. Small-angle neutron scattering was used to determine the
change of the structure factor of spheres on addition of platelets, under solvent contrast conditions
where the platelets were invisible. Theory and experiment agreed very well for a platelet/sphere
diameter ratio D/d = 2.2 and reasonably well for D/d = 5. The sphere structure factor increases
at low scattering vector Q in the presence of platelets; a weak reduction of the sphere structure
factor was predicted at larger Q, and for the system with D/d = 2.2 was indeed observed experi-
mentally. At fixed particle volume fraction, an increase in diameter ratio leads to a large change in
structure factor. Systems with a larger diameter ratio also phase separate at lower concentrations.
© 2012 American Institute of Physics. [http://dx.doi.org/10.1063/1.4767722]
I. INTRODUCTION
Mixtures of colloidal particles of different sizes or shapes
have been shown to undergo phase separation at sufficiently
high concentration. Already at low concentrations, excluded
volume interactions between the two species give rise to struc-
turing effects, as for example found recently in sphere-plate
mixtures.1 In that case, spheres, the majority component,
tended to aggregate as the plate concentration was increased.
In previous work on mixtures of differently sized or
shaped particles, it has been shown that if the size ratio of
the different particles was sufficiently different from unity and
both types of species were “hard,” the smaller particle may act
as a depletant, driving the larger particles together.2–10 This is
known as the depletion attraction, explained by Asakura and
Oosawa in the fifties,11, 12 where the centers of mass of the
small particles cannot access the depletion volumes, around
each large particle. In essence, when one large particle ap-
proaches another, these excluded volumes overlap. As a re-
sult, the small species can now access a greater volume, and
the resulting increase in entropy of the many small particles
generates a depletion attraction between the large particles.
While being of interest from a basic statistical-
mechanical viewpoint, the depletion effect also has important
a)Authors to whom correspondence should be addressed. Electronic ad-
dresses: giorgio.cinacchi@uam.es and J.S.van-Duijneveldt@bristol.ac.uk.
repercussions in all those applied fields that employ colloidal
formulations. In the context of the present work in partic-
ular, this effect may have a bearing on paint formulations,
where expensive pigment particles (titania) are often mixed
with lower cost extenders such as kaolin clay particles.
The depletion attraction and subsequent phase behaviour
is found to be very dependent on the size ratio of the two
colloid diameters12 and the shapes of both types of colloids
(e.g., see Refs. 10, 13 and 14).
With regards to the dependence on the size ratio, a
classic example is a colloid-polymer mixture, in which
adding small non-adsorbing polymers to a dispersion of
colloidal particles induces attractive forces between the
latter.4, 15 Calculations16, 17 and experiments18, 19 proved that
for polymer-to-colloid size ratios q < 0.3, there is a co-
existence region between a colloidal solid phase and a col-
loidal fluid phase and at q > 0.3, there is a gas-liquid
coexistence. A further phase is observed if q is increased
to 0.4, giving a triple gas-liquid-solid coexistence.17, 20 The
maximum depth and range of the depletion attraction are
controlled by the concentration and size of the depletant
agent, respectively.12, 21, 22 Changing these factors will affect
the phase behaviour of the colloidal mixtures and the inter-
particle structure.
The shape of colloidal particles also strongly affects
the strength of the attraction. For example, the depletion
attraction will be stronger between plate-like particles, in
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comparison to colloidal spheres of a similar diameter, induced
by a depletant of the same size and concentration.9, 10, 13 If the
plates are touching face-to-face, the free volume which be-
comes available to the depletants is much larger than for two
spheres coming together. Similar particles, as investigated in
this work but with different surface treatment, have been used
in two different studies of alumina coated silica spheres and
gibbsite (AlOH3) platelets by Kleshchanok et al.,9, 10 in which
the sphere particles were found to deplete the platelet par-
ticles, at high volume fractions. Kleshchanok et al. showed
that by doubling the platelet diameter and keeping the sphere
diameter constant, that is doubling the size ratio, the effec-
tive attraction increases. The phase behaviour changed from
co-existing isotropic-columnar phases at the lower size ratio9
to co-existing isotropic-glass phase at the higher size ratio.10
The glass phase was caused by the deep depletion potential
but did contain domains of liquid crystals that became more
sporadic when the concentration of the spheres was increased.
In this work, we investigate colloidal mixtures of spheres
and plates at low volume fractions, so that the suspensions re-
main homogeneous; the study focuses on how the structure
of the spheres depends on the sphere/plate size ratio upon ad-
dition of plates. Experimentally, this is probed using small-
angle neutron scattering (SANS), using a solvent composi-
tion that matches the scattering length density (SLD) of the
platelets. A preliminary version of this work showed that in-
deed addition of platelets induces an increase of structure fac-
tor (clustering) of the spheres,1 in analogy with what happens
when large polymers are added to small colloids (“protein
limit”).23–26 An elementary theoretical model, valid in the
very low density and low plate/sphere size ratio limits, of-
fered justification for this behaviour but, to achieve a satisfac-
tory fit to the data, unrealistically small values for the platelet
diameter had to be used. Here, an improved version of the
theory is presented and validated using computer simulations.
The theory is valid at higher concentrations than the earlier
treatment. New experimental data are presented for the same
type of platelets, with thickness-to-diameter ratio L/D = 0.08,
mixed with three different sizes of spheres, designed to afford
a stringent test of the theory. Agreement is good for mixtures
with platelet/sphere diameter ratio D/d = 2.2, and satisfac-
tory for D/d = 5, whereas the smallest spheres scattered too
weakly to allow detailed analysis. The data demonstrate the
broad trend that the effect on the structure of the spheres, at
fixed sphere and platelet volume fraction, increases with D/d.
II. THEORY
Let us consider a suspension of hard spheres of diameter
d and number density ρ◦. The sphere-sphere radial distribu-
tion function, characterising the structure of this suspension,
is g◦◦◦(r), with r the distance separating the two spheres (e.g.,
Ref. 27). The superscript ◦ indicates that the radial distribu-
tion function refers to a pure suspension of spheres. Upon the
addition of other particles, e.g., platelets, to the sphere sus-
pension, g◦◦◦(r) will change. Let us label the modified sphere-
sphere radial distribution function gP◦◦(r). The superscript P
is chosen because the focus of this work is on the addition
of plate-like particles; nonetheless, the following discussion
is not specific to the shape of the added particles. We seek a
theory to relate gP◦◦(r) to g◦◦◦(r), with ρP the number density
of the added particles.
For hard spheres, the radial distribution function coin-
cides, for r ≥ d, with the cavity-cavity distribution function.28
This one, labeled either y◦◦◦(r) or yP◦◦(r), respectively, is inter-
preted as the probability density to find a cavity of diameter
d at a distance r from another cavity of the same size. Any
cavity-cavity distribution function, ys◦◦(r), with s = ◦ or P, is
linked to the difference of the work needed to create two cavi-
ties at distance r, ws◦◦(r), with twice the work needed to create
a single cavity
ys◦◦(r) = exp
[−β (ws◦◦(r) − 2ws◦)] (1)
with β = 1/(kBT), kB and T being the Boltzmann constant and
temperature, respectively.
Both types of work are needed in the presence of the
added platelets and are related to the corresponding work
needed without them
wP◦◦(r) = w◦◦◦(r) + wP◦◦◦ (r), (2)
wP◦ = w◦◦ + wP◦◦
with wP◦◦◦ (r) and wP◦◦ the additional work needed to find, re-
spectively, a pair of cavities and a single cavity when platelets
are present.
The decomposition of Eq. (2) leads to the following rela-
tionship between yP◦◦(r) and y◦◦◦(r):
yP◦◦(r) = y◦◦◦(r) exp
[−β (wP◦◦◦ (r) − 2wP◦◦ )] . (3)
If ρP is sufficiently small, both the additional work contribu-
tions are small as well and this implies that:
(i) just the leading term of the exponential of Eq. (3) can be
retained:
yP◦◦(r)  y◦◦◦(r)
[
1 − β (wP◦◦◦ (r) − 2wP◦◦ )] ; (4)
(ii) an expansion of the additional work contributions in a
power series of densities can be truncated at the first two
terms.
In the density expansion of the additional work contribu-
tions, the first term is proportional to ρP while the successive
term is proportional to ρPρ◦. The explicit expression for the
additional work required to insert a pair of spheres in the pres-
ence of plates becomes
βwP◦◦◦ (r) = ρP(1)◦◦ P (r) + ρPρ◦
(2)
◦
◦ P
(r), (5)
where

(1)
◦
◦ P
(r) = −
∫
dRduˆ f ◦◦ P (R, uˆ) (6)
with f ◦◦ P the Mayer function of a dumbbell formed by two
hard spheres separated by a distance r and a hard platelet, R
the distance vector between their centers, and uˆ the unit vector
describing the orientation of the platelet with respect to the
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dumbbell’s main axis. Furthermore,

(2)
◦
◦ P
(r) = −
∫
dRduˆdR′ f ◦◦ P (R, uˆ)
× f ◦◦ ◦(R, R′) f◦P (R, uˆ, R′), (7)
with f ◦◦ ◦(R, R′) and f◦P (R, uˆ, R′), respectively, the Mayer
function of the dumbbell and a sphere and that one of a
platelet and that sphere.
The additional work to insert a single sphere in the pres-
ence of plates becomes
βwP◦◦ = ρPω(1)◦P + ρPρ◦ω(2)◦P (8)
with
ω
(1)
◦P = −
∫
dR f◦P (R) , (9)
where f◦P (R) is the Mayer function between a sphere and a
platelet located at a distance R from its center. Finally,
ω
(2)
◦P = −
∫
dRdR′ f◦P (R) f◦P
(
R′
)
f◦◦(|R − R′|) (10)
with f◦◦(|R − R′|) the Mayer function between two spheres
whose centers are separated by a distance |R − R′|.
Put together, Eqs. (4)–(10) form the improved theory. It
is convenient to distinguish between it and the lowest order
theory, already presented in the previous article and here re-
covered by retaining in Eqs. (5) and (8) only the first term
with the (1) superscript. Let us define the difference β(wP◦◦◦ (r)
− 2wP◦◦ ) in this case as νI(r). By analogy, the same differ-
ence as obtained by the second-order theory, where terms with
superscript (1) and (2) are both included, is defined as νII(r).
Section III describes the computer simulations performed to
validate this theory.
III. COMPUTER SIMULATIONS: VALIDATION
OF THEORY
Standard canonical ensemble (NVT) Monte Carlo (MC)
computer simulations were run. The systems consisted of ei-
ther N = 500 or 1000 hard spheres of diameter d. Four val-
ues of density, measured in reduced units, ρ∗◦ = ρ◦d3, were
considered: 0.025, 0.0625, 0.125, and 0.25, all pertaining to
the very dilute/dilute range of densities. Simple cubic lattice
structures were used as starting configurations, which rapidly
melted. To ensure that no influence of the initial conditions
was left, equilibration runs lasted 500 × 103 cycles and were
followed by a production run of the same length, each cycle
consisting of N attempts to translate a randomly selected hard
sphere by a random small amount along the three axes of the
laboratory frame of reference, accepting the trial move if no
overlap was detected. During each production run, the radial
distribution function, g◦◦◦(r), was calculated by sampling and
averaging histograms with a bin width of 0.01d.
Subsequently, to each of the four simple cubic lattice
structures, 10 hard and infinitely thin platelets were manu-
ally added, taking due care to avoid overlap with any hard
sphere. Two series of such starting configurations were con-
sidered, one with platelets having an area π4 D
2 = 5d2 and the
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FIG. 1. The functions g¯(r)
ρP
(red solid), νI (r)
ρP
(blue dotted), νII (r)
ρP
(green
dashed) obtained at various sphere densities ρ* = 0.025 (a), 0.0625 (b),
0.125 (c), and 0.25 (d) for the case with platelets having a diameter
D = 2√5/πd.
other with platelets having an area π4 D
2 = 20d2. These start-
ing configurations were used to run additional MC-NVT sim-
ulations. These too were organized in cycles, this time each
of them consisting of N+10 attempts to randomly pick up a
particle and translate it by a random small amount if it was a
sphere, or to translate and rotate it by random small amounts
if it was a platelet. In the latter case, rotations were performed
by rotating the randomly selected platelet’s main axis around
one of the three axes of the laboratory frame of reference,
this was also selected at random. Trial moves were accepted
if no sphere-sphere, sphere-platelet, and platelet-platelet over-
laps were detected. Again, equilibration and production runs
lasted 500 × 103 cycles. The sphere-sphere radial distribu-
tion function, gP◦◦(r) was calculated by sampling and averag-
ing histograms of the same bin size as before. The function
g¯(r)
ρP
= 1
ρP
[
1 − g
P
◦◦(r)
g◦◦◦(r)
]
(11)
was then obtained, which is to be compared to the expression
coming from theory
νI (r)
ρP
and
νII (r)
ρP
. (12)
Figures 1 and 2 provide this comparison, where distance
is expressed in terms of the sphere diameter d. While the per-
formance of the lower order theory is good at the lowest den-
sity investigated, it progressively deteriorates, as expected, as
the sphere density increases. The figures demonstrate the new
expressions agree very well with the simulations for sphere
volume fractions up to φ◦ = π6 ρ∗  0.07 and deviate from
them for φ◦  0.13 slightly, in the case of smaller diameter
platelets, and a bit more visibly, in the case of larger diameter
platelets, being thus able to overall cover the range of concen-
trations studied experimentally.
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IV. COMPARISON OF THEORY WITH EXPERIMENTS
The theory developed and validated so far applies to
monodisperse hard spheres to which hard platelets have been
added. Experimental systems are not monodisperse, nor do
their constituent particles have a regular shape and inter-
act through perfectly hard-body interactions. Nonetheless,
the relatively low degree of polydispersity of the experi-
mental systems under consideration, together with the con-
fidence that the particles are, within a good approximation,
behaving as hard objects, make a direct comparison of the
present theory to the experimental data reasonable. The the-
oretical approach could in principle be extended to polydis-
perse systems but this has not been pursued yet.
The relationship between the radial distribution function,
g(r), obtained in theory, and the structure factor, S(Q), ob-
tained in experiments, is well known.27 For a fluid system of
spherical particles, it reads
S(Q) = 1 + 4πρ◦
Q
∫ ∞
0
dr r
[
g(r) − 1] sin(Qr). (13)
The validated second-order theory can be used to predict the
changes occurred to sphere structure factor upon the addition
of platelets. From Eq. (13) and given the relationship between
gP◦◦(r) and g◦◦◦(r) provided by Eqs. (4)–(10), one arrives at
SP◦◦◦ (Q) = SP◦◦(Q) − S◦◦◦(Q)
= 4πρ◦
Q
∫ d
D+d
dr rg◦◦◦(r)νII (r) sin(Qr) (14)
with SP◦◦ and S◦◦◦ the sphere structure factor with and with-
out platelets, respectively. As an aside, the value of SP◦◦◦
at Q = 0 can also be obtained via a different route, using
Kirkwood-Buff theory of mixtures,29, 30 and this is shown in
the Appendix.
For the purpose of comparison with experimental data, it
is useful to introduce the function Z(Q), defined as
Z(Q) = S
P◦
◦◦ (Q)
φPS◦◦◦(Q)
, (15)
the usage of which requires knowing S◦◦◦(Q), obtainable from
Eq. (13) once an expression for g◦◦◦(r) is known. This was
provided by the exact solution of the Percus-Yevick integral
equation theory for hard spheres, accurate over a wide range
of sphere density.27
In the experiments, both sphere and platelet samples are
polydisperse. In order to take this, at least partially, into ac-
count, for both series of experiments, three theoretical curves
were calculated and averaged, as detailed below.
V. EXPERIMENTAL
In this work, the mineral particles [Ludox CL (Sigma
Aldrich), Klebosol 30CAL25 and Klebosol 30CAL50 (AZ
Electronics), gibbsite] were dialysed against 5 mM NaCl so-
lution and stabilised with a commercial stabilizer [Solsperse
41000 (Lubrizol)]. The particle dimensions (bare and ef-
fective) are given in Table I (see Ref. 1 for details). The
sphere/platelet size ratio was varied by comparing mixtures
of one batch of gibbsite plates with spheres of different diam-
eters, which for convenience will be referred to as particles A,
B, and C. The effective dimensions, which take into account
the Debye length (κ−1) and adsorbed polymer layer on the
bare particles, are important as the effective diameter of the
spheres and the effective volume fraction of both particles are
used in calculating and predicting Z(Q). The effective volume
fractions (φeffS ) of all three sphere types was kept constant at
∼ 0.1, while the effective volume fractions of the plates (φeffP )
were varied (Ref. 1 describes how effective volume fractions
were estimated).
TABLE I. Mean dimensions of the spheres and plates, including polydispersity from TEM/AFM data and aver-
age bare and effective dimensions of spheres and plates from scattering data.
TEM/AFM Scattering data
Mean Polydispersity Bare Effective
Particle Code Dimension nm % nm nm
Ludox CL A 〈d〉 18 17 17 25
Klebosol 30CAL25 B 〈d〉 30 15 30 40
Klebosol 30CAL50 C 〈d〉 74 21 74 90
Gibbsite-3 〈D〉 186 29 180 188
Gibbsite-3 〈L〉 5 20 6 15
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All experiments were conducted on the D11 diffractome-
ter at the high flux reactor of the Institut Laue-Langevin (ILL)
in Grenoble, France. A neutron wavelength of λ = 10 Å
and three sample-detector positions of 2, 8, and 39 m were
used to access a wave vector range of Q = (4π /λ) sin(θ /2)
= 0.001 Å−1 to 0.25 Å−1. All spectra were normalized and
corrected by subtracting the scattering of the pure solvent, the
empty cell as well as the small residual scattering of the gibb-
site platelets, where appropriate. All samples were studied at
20 ◦C.
By using H2O and D2O mixtures, the scattering length
density of the solvent could be matched to that of the gibb-
site plates, rendering the colloidal plates invisible. This re-
quired a composition of 41.5% by volume D2O. This allowed
changes in the effective structure factor of the silica spheres,
S◦◦◦(Q), on addition of the plates to be analysed. Alumina
coated silica spheres were kept at a constant concentration
as the volume fraction of gibbsite plates was varied. The ex-
perimental volume fractions, φS and φP, of the bare sphere
and plates, respectively, can be calculated from the mass frac-
tions using the particle densities; ρsilica = 2.30 g cm−3 and
ρgibbsite = 2.42 g cm−3.
The concentration of the particles were kept below the
isotropic-nematic (I-N) phase transition of the plate particles.
The I-N phase diagrams for all 3 sphere sizes as a function of
the silica and gibbsite concentration are shown elsewhere.31
In order to compare the results at different size ratios, φeffS for
all three sphere sizes was kept constant at ∼10%v/v. However,
as the effective diameter of particles A and C could not be
measured before the samples were prepared, estimates were
made for the effective diameter. The actual effective diameter
when determined by SANS results meant the actual φeffS for
particles A and C were 8%v/v and 12%v/v, respectively.
VI. RESULTS AND DISCUSSION
The SANS data are collected in Fig. 3. Note that, while
the effective volume fractions were all close to 0.1, this im-
plied different “bare” volume fractions of the differently sized
spheres. Although the SANS technique has been proven to re-
veal changes in the structure of the colloidal spheres, there are
limitations to the technique regarding the sphere size.
Unfortunately, the smallest A spheres were beyond the
sensitivity of SANS (see Figure 3(a)). There were two con-
tributing factors: the low volume fractions required for a ho-
mogeneous suspension, and the low scattering intensity as-
sociated with the small sphere size (proportional to the cube
of the particle size, at a fixed particle volume fraction). The
phase diagrams for the sphere-plate mixtures (Ref. 31) reveal
the reduced volume fractions required for an isotropic dis-
persion when the sphere size is reduced. Rather low volume
fractions of particles A and gibbsite were employed in this ex-
periment to avoid the formation of nematic droplets and also
of any aggregates. Even at low concentrations, the mixtures
with particles A were observed by optical microscopy to con-
tain small aggregates. The sphere-plate mixture appeared ex-
tremely unstable at the high size ratio; whether this is due only
to the increase in the effective attraction cannot be confirmed.
One would expect the formation of liquid crystal structures as
(a)
(b)
(c)
FIG. 3. SANS scattering curves for sphere-gibbsite mixtures in 41.5%v/v
D2O. (a) Particles A at 2.5%v/v only (•) and with 0.05%v/v () and 0.1%v/v
() gibbsite plates; (b) particles B at 4.2%v/v only (•), and with 0.25%v/v
gibbsite plates (). For comparison, the scattering of 0.75%v/v (×) gibbsite
plates is shown; (c) particles C at 6.7%v/v (•) and with 0.25% (), 0.50%
() and 0.75%v/v () gibbsite plates. Dashed lines are fits to the sphere-only
data.
the mixture phase separates; however, the aggregates did not
appear to be birefringent tactoids, but this may be due to their
small size. Any structure that can be observed by microscopy
would have an adverse impact on the scattering profiles at the
vital length scales due to the excessive scattering of aggre-
gates at low Q. The scattering data obtained for spheres A
204909-6 Cinacchi et al. J. Chem. Phys. 137, 204909 (2012)
0 1 2 3 4 5 6 7
Qd
-15
0
15
30
45
60
75
90
105
120
135
150
0 1 2 3 4 5 6 7
Qd
-15
0
15
30
45
60
75
90
105
120
135
150
Z
(Q
)
(a) (b)
eff eff
FIG. 4. Comparison between theory and experiments: (a) theoretical curve (black line) and experimental data (red circles (current) and blue squares (previous))
for particles B; (b) theoretical curve (black line) and experimental data (red circles) for particles C.
with and without the plates, shown in Figure 3(a), were noisy
and have very low scattering intensity and no meaningful in-
formation on Z(Q) could be extracted from these.
The situation is more encouraging for Sample B. Exper-
iments using these particles were reported before in Ref. 1
and were repeated here, however with a different batch of
gibbsite plates. The result are shown in Figure 3(b) and, as
expected when 0.25%v/v of the gibbsite plates were added,
an increased intensity was found at low Q. The sphere size
from the SANS scattering profile of particles B is consis-
tent with that found previously. Also, the scattering of the
aqueous gibbsite dispersion in 41.5%v/v D2O confirmed the
near-perfect SLD matching of the plates under these solvent
conditions.
To analyse the reproducibility of the change in the struc-
ture factor upon the addition of plates, Z(Q) (Eq. (15)) was
determined (Figure 4(a)). The agreement between the origi-
nal and the repeated experiment is excellent. There are large
error bars for the repeated scattering measurements, but this is
expected as only one concentration of plates was measured so
the data could not be averaged, and the neutron wavelength
was longer, reducing the scattering intensity. However, data
for both experiments overlay each other exactly giving signif-
icant confidence in the results and the reproducibility of the
SANS technique.
The results obtained for particles C are in stark contrast
to those for particles A. The increase in sphere size and the
larger volume fraction available to formulate a homogeneous
dispersion made the SANS experiment straightforward. The
scattering profiles obtained (Figure 3(c)) were of a very high
quality. The increase in scattering intensity of the spheres on
the introduction of the plates is easily observed. This upswing
in intensity is again found at low Q as expected, due to an
increase in the sphere structuring. Furthermore, the increase
in the structure factor S◦◦◦(Q) is proportional to the plate con-
centration as predicted by the theory. This is substantiated by
the master curve of Z(Q) obtained (Figure 4(b)), in which the
increase in intensity is divided by the scattering intensity of
the pure sphere suspension and by the effective plate concen-
tration.
The theory presented in Secs. II–IV predicts that there
will be a significant increase in structuring of the spheres
as the size ratio (D/d) increases. Therefore, it is expected
that the larger spheres will have a lower Z(Q) at low Q. In
Figure 4, the Z(Q) for sphere-plate mixtures utilising parti-
cles C, which have a size ratio (D/d) of about 2, are shown
side by side with the previous results (Ref. 1) of sphere-plate
mixtures containing particles B with a size ratio of about 5.
The effective diameters of the particles are used to calculate
the size ratio. It is obvious that by reducing the size ratio, there
is a significant reduction in the structuring of the spheres. The
minimum in Z(Q), which precedes the low Q increase, moves
to lower values of Q as d increases, and this is suggestive of
structuring on a longer length scale. This implies an increased
range in the effective attraction between the spheres with in-
creasing sphere size. Parallels can be drawn to the AO theory,
that says the range of the attraction is dependent on the size
of the depletant.12, 21, 22 If we assume that the spheres act as
the depletant, the range of attraction between the plates will
increase with the sphere size. If the range in attraction be-
tween the plates particles increases consequentially, one may
expect the range of the attraction between the sphere particles
to also increase. Both changes in structuring and the range
of the attraction due to the size ratio are expected and are in
line with the new theoretical prediction, as shown by the close
agreement between theoretical curves and experimental data
in Figure 4.
In order to compare with the experiments, theoretical
curves were averaged for three diameter ratios to account
for particle polydispersities. Setting the sphere diameter as
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the unit of length, the values of plate diameter, D* = D/d,
and thickness, L* = L/d, used were: D* = 4.0; 5.0; 6.0 and
L* = 0.2 for comparison with the experimental data obtained
using particles B; and D* = 1.5; 2.0; 2.5 and L* = 0.1 for
comparison with the experimental data obtained using parti-
cles C. In the former case, the value of the sphere volume
fraction used was 0.1 while a value of 0.12 was used in the
latter case.
The density fluctuations observed in Figure 3 are caused
by an (effective) attraction between the spheres. The length
scales at which the increase in structuring occurs agree well
with the theory. The length scales and the range of the interac-
tions between the particles will be dependent on both particle
sizes. In Figure 4(b), an unusual feature is observed for Q be-
tween 2 x 10−3 and 4 x 10−3 Å−1 (corresponding to Qdeff = 2
− 4); the large 90 nm spheres produce a negative Z(Q). This
trait in Z(Q) for the large spheres is in close agreement with
the theoretical predictions. Experimentally, this occurs at a
wavevector Q corresponding to a length scale ≈ 2deff. For the
smaller spheres (Fig. 4(a)), the theory predicts there should
still be a minimum, albeit a noticeably smaller one than for
the large spheres; experimentally, no pronounced minimum is
seen. This may be a result of the larger value for L/d in this
case. In fact, theory predicts that the depth of the minimum is
mainly determined by this ratio, increasing as L/d decreases.
Theory also explains the negative minimum as a consequence
of the damped oscillatory character around the Q axis of the
function SP◦◦◦ (Q), which constitutes the numerator of the
fraction leading to the function Z(Q), the corresponding de-
nominator being always positive. Particle polydispersity or,
possibly, the softness of the particle interaction potentials may
also contribute to the actual overall form of Z(Q).
VII. CONCLUSION
In this work, a new theoretical description of the structure
of colloidal sphere-plate mixtures has been proposed and val-
idated using computer simulations. By rendering the platelets
effectively invisible, SANS allowed a detailed experimental
test of this theory by determining the change of the structure
factor of spheres on addition of platelets. New experimental
data reproduced earlier data very well indeed.1 Theory and
experiment agreed very well for D/d = 2.2 and reasonably
well for D/d = 5. The smallest spheres induced phase sep-
aration or aggregation at low concentrations and also gave
too little scattering intensity to allow a detailed comparison
with theory. The sphere structure factor increases at low Q in
the presence of platelets; a weak reduction of S(Q) was pre-
dicted at larger Q and, for the system with D/d = 2.2, was
indeed observed experimentally. The results which show den-
sity fluctuations at low Q and hence large length scales are
consistent with the tendency of more concentrated mixtures
to phase separate, and this tendency is enhanced for higher
size ratios.
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APPENDIX: COMPARISON BETWEEN PRESENT
THEORY AND KIRKWOOD-BUFF THEORY
OF MIXTURES
In this appendix, we compare the theory described and
validated in the main text with Kirkwood-Buff (KB) theory of
mixtures.29, 30 This comparison is made in terms of the value
that the structure factor reaches in the limit of vanishing wave
vector. In practice, we will be comparing SP◦◦◦ (0) obtained
from Eq. (14) of the main text with the value of this quantity
that can be derived by applying the KB theory.
From Eq. (14), we have
SP◦◦◦ (0) = SP◦◦(0) − S◦◦◦(0) = 4πρ◦
∫ d
D+d
dr r2g◦◦◦(r)νII (r).
(A1)
In terms of KB integrals, G◦◦◦ and GP◦◦, defined as
G◦◦◦ = 4π
∫ ∞
0
dr r2
[
g◦◦◦(r) − 1
]
, (A2)
GP◦◦ = 4π
∫ ∞
0
dr r2
[
gP◦◦(r) − 1
]
, (A3)
the quantity SP◦◦◦ (0) reads
SP◦◦◦ (0) = ρ◦GP◦◦◦ (A4)
with GP◦◦◦ = GP◦◦ − G◦◦◦.
KB theory relates KB integrals to the matrix B of the
derivatives of the densities with respect to the chemical po-
tentials. In a general mixture having components i and j, we
have
Bij =
(
∂ρi
∂βμj
)
T ,μi
= ρiρjGij + ρiδij . (A5)
The matrix B coincides with the inverse of the matrix A of
the derivatives of the chemical potentials with respect to the
densities
Aij =
(
∂βμi
∂ρj
)
T ,ρi
. (A6)
In practice, one has to build the matrix A, invert it to get the
matrix B, and then obtain the various KB integrals.
In order to build the matrix A, one has to have a free en-
ergy expression for the mixture. This is the key (and possibly
weak) point in the application of the KB theory. In our spe-
cific case, we therefore need a free energy expression for a
dilute and isotropic mixture of hard spheres and hard discs.
As in the main text, we will model the latter as infinitely thin
hard platelets.
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Since we are dealing with dilute mixtures, it is reasonable
to start assuming a virial expansion of the excess free energy,
Fex, truncated at the leading order
βF ex
V
= βex = 1
2
[
ρ2◦v◦◦ + 2ρ◦ρP v◦P + ρ2P vPP
]
. (A7)
In the above expression, ex is the excess free energy den-
sity, while the quantities v◦◦, v◦P , and vPP are, respectively,
the sphere-sphere, sphere-platelet, and isotropically averaged
platelet-platelet excluded volumes.
Equation (A7) can systematically be improved, as ρ◦
and/or ρP increases, by adding further virial terms. One may
shortcut this procedure by adopting an approximate theory
that would include effects of the higher order virial terms. One
possibility is to modify Eq. (A7) as follows:
βex =  (ρ◦)
[
ρ2◦v◦◦ + 2ρ◦ρP v◦P + ρ2P vPP
]
. (A8)
The pre-factor , solely depending on the hard sphere density
because of the vanishing volume of the hard platelets, derives
from the very accurate Carnahan-Starling equation of state for
hard spheres32 and is equal to
 (ρ◦) = 18
4 − 3ρ◦v◦
(1 − ρ◦v◦)2 , (A9)
where v◦ is the volume of one sphere.
One can note that Eq. (A8) is a generalisation to mixtures
of Parsons theory.33 For monodisperse hard rods, this theory
proved successful in accounting for the isotropic-to-nematic
phase transition34–37 and it was then extended to study mix-
tures of such particles,38 also including smectic phases.39–41
For hard discs, the Parsons theory has also been applied,42, 43
but, as it reduces to Onsager theory44 for thin particles, it does
not describe the isotropic-nematic phase transition too well in
the thin platelet limit.
Other possible choices in place of Eq. (A8) could have
been scaled particle theory,45, 46 or fundamental measure
theory.47, 48 These theories provide a good account of the hard
sphere system,45, 47 while their predictions for the isotropic
equation of state of infinitely thin hard platelets were com-
pared to computer simulation data in Refs. 49 and 50.
Since the regime considered in the experiments corre-
sponds to mixtures that are very dilute in platelets but mod-
erately dilute in spheres, we chose to employ Eq. (A8) as it
leads to a more accurate description of the pure hard sphere
equation of state. It has to be recalled, nonetheless, that its
validity, as well as that of the other above-mentioned theories
for mixtures, is still to be checked fully.
Once the ideal contribution has been added to an excess
free energy expression, chemical potentials as a function of
densities can be obtained and from these their derivatives. The
matrix A is then built and its inversion leads to the matrix
B, of which we pick the “◦◦” element, both when platelets
are present, BP◦◦, and when they are not, B◦◦◦. From these two
terms, the corresponding KB integrals are obtained according
to Eq. (A5) and finally we arrive at SP◦◦◦ (0) via Eq. (A4).
Figure 5 shows a comparison between the two ways of
calculating the increase in the value of the structure factor at
Q = 0 when platelets are added. We considered spheres of
diameter d and platelets of diameter D, respectively, equal to
FIG. 5. Comparison between the curves obtained making use of Eq. (1)
(solid line) and those coming from KB theory and Eq. (A8) (dashed
line): small plate/sphere diameter ratio, D/d = 2√5/π , and (a) ρ∗◦ = 0.05,
(b) ρ∗◦ = 0.1, and (c) ρ∗◦ = 0.2; large plate/sphere diameter ratio,
D/d = 4√5/π , and (d) ρ∗◦ = 0.05, (e) ρ∗◦ = 0.1, and (f) ρ∗◦ = 0.2.
2
√
5/πd and 4
√
5/πd, at three representative values of the
reduced density of spheres, ρ∗◦ = ρ◦d3, and various values of
the reduced density of platelets, ρ∗P = ρP d3. The values of ρ∗◦
considered were 0.05, 0.1, and 0.2, the latter corresponding to
the actual sphere density in the experiments, while the maxi-
mal value of ρ∗P = ρP d3 considered depended on the platelet
diameter and were in accordance with the maximal platelet
density in the experiments. In general, the two corresponding
curves agree at low sphere densities, with the slope of the lin-
ear curve coming out from current theory coinciding with the
limit for ρP → 0 of SP◦◦◦ (0) calculated making use of the KB
theory plus Eq. (A8). The agreement between the two curves
extends up to ρ∗P ∼ 0.01 for smaller platelets, while the two
curves depart from one another at much smaller values of ρP
if the platelets are larger. For ρ∗◦ = 0.2, the two curves differ
already at low values of ρP, yet they do not depart that much
as ρP increases.
The good agreement between the two curves at low
sphere density [Figs. 5(a), 5(b), 5(d), and 5(e)] traces back
to the dilution of the mixtures, the most suitable conditions
for the validity of both the theory described in the main text
and the free energy expression of Eq. (A8). The non-linearity
of the curve obtained from KB theory plus Eq. (A8) along
with the splitting of the curves corresponding to the two meth-
ods on increasing the platelet density [Figs. 5(a), 5(b), 5(d),
and 5(e)] are due to platelet-platelet interactions; indeed, this
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latter splitting is more marked for larger platelets, reflecting
the increased importance of platelet-platelet interactions as
their diameter increases with respect to that of the spheres,
at the same values of the density of the two components. As
soon as sphere density increases, terms that are proportional
to larger powers of the ρ◦ become important and they should
be responsible for the differences between the two routes in
panels (c) and (f) of Fig. 5, even at low platelet densities.
Experiments suggest that up to the range of sphere and
platelet density investigated a linear regime of the changes of
the sphere structure factor with density of the platelets holds,
in line with the theory presented in the main text. While cer-
tain deviations are seen between the two methods at the con-
centrations relevant to the experiments here, it is gratifying to
see that the differences are small, and both approaches agree
in the low concentration limit, as expected.
It would be of interest to see how the two routes to get
the upswing of the sphere structure factor at Q = 0 compare
with one another and to computer simulations when more
concentrated suspensions of hard spheres and hard platelets
are considered. Current theory can systematically be extended
including platelet-platelet interactions as well as terms corre-
sponding to larger powers of the sphere density. The former
would result in the structure factor change no longer being lin-
ear in ρP, while the latter terms will be needed as the sphere
density increases. This can come at the expense of consider-
ing and evaluating, with the required accuracy, progressively
more complicated integrals. This task may ultimately end up
to a test of the Parsons theory of Eq. (8) and, substituting
platelets with rods, of the Parsons theory of sphere-rod mix-
tures, as well as of the other theories put forward for mixtures
of spheres with non-spherical particles. We hope to have a
chance to address these points in the future.
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